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Introduction:

Number theory, also known as higher arithmetic is a branch of mathematics
concerned with the properties of integers, rational numbers, irrational numbers and
real numbers. Sometimes the discipline is considered to include the imaginary and
complex numbers as well.

Formally, numbers are represented in terms of sets; there are various schemes
for doing this. However, there are other ways to represent numbers. As angles, as points
on a line, as on a plane or as points in space. The integers and rational numbers can be
symbolized and completely defined by numerals. The system of numeration commonly
used today was developed from systems used in Arab texts, although some scholars
believe they were first used in India. The so-called Arabic numerals are
0,12,3,4,5,6,7,8and 9

Number theory is one of the oldest branches of pure mathematics and one of the
largest of course; it concerns questions about numbers, usually meaning whole numbers
or rational numbers. Elementry number theory involves divisibility among integers...
the division “algorithm”, the Euclidean algorithm, elementary properties of primes,
congruences, including Fermat’s Little theorem and Euler’s theorem extending it. But
the term “elementary” is usually used in this setting only to mean that no advanced
tools from other areas are used... not that the results themselves are simple. Indeed, a
course in “elementry” number theory usually includes classic and elegant results such
as Quadratic Reciprocity; counting results using the Mobius Inversion Formula; and
even the prime number theorem, asserting the approximate density of primes among
the integers, which has difficult but “elementry” proofs. In such chapter we shall discuss
the topic of representing positive integers as sum of squares of two or more integers.
Some Basic Definitions and Sum of Two Squares:

Integers: The numbers 0,1, —1,2,—-2,3,—3 ... are called integers of which 1, 2,3, ... are
called positive integers and —1, —2, —3, ... are called negative integers. The collection of
all integers is denoted by Z. Thus Z = {...,—3,-2,-1,0,1,2,3, ...}

Natural Numbers: The numbers 1,2, 3, ... are called natural numbers. They are also
called counting numbers. Since, they are used for counting objects. The collection of all
natural numbers is denoted by N. Thus N = {1, 2,3, ...}

Least Common Multiple: The integers aq,a,, ...,a, all different from zero, have a
common multiple b’if a; /b fori = 1,2, ..., n. The least of the positive common multiples
is called the least common multiple and is denoted by [a4, ay, ..., a,]

Greatest Common Divisor: The integers ‘a’is a common divisor of ‘b’ and ‘c’in casea/b
and a/c. Since there is only a finite number of divisors of any non-zero integer, there is
only a finite number of common divisors of b’ and ‘c’, except in the case b = ¢ = 0. If at
least one of b’ and c’ is not 0.The greatest among their common divisors is called
greatest common divisor of b” and ‘c’ and is denoted by (b, ¢). Similarly, We denote the
greatest common divisor ‘g’ of the integers by, by, ..., b, not all zero by (b4, by, ..., b,,)
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Relatively Prime: We say that ‘a’and ‘b’ are relatively prime incase (a, b) = 1, and that
ai, a,, ..., a, are relatively prime incase (a4, a,, ..., a,) = 1. We say that a4, a, ..., a,, are
relatively prime in pairs in case (ai, aj) =1foralli=1,2,3,..,nwithi # j.
Congruence: If an integer ‘m’, not zero, divides the difference a — b, we say that ‘a’ is
congruent to ‘b’ modulo ‘m’and write a = b (mod m)
Division Algorithm: Given any integers ‘a’ and ‘b’ with a # 0O,there exist unique
integers ‘q" and 7’ such that b = qa +r,0 < r < a.lfa/b, then 7’ satisfies the stronger
inequalities 0 < r < a.
Prime Number: An integer P > 1 is called a prime number (or) a prime in case there is
no divisor ‘d’ of p’ satisfying 1 < d < p.If an integer a > 1 is not a prime. It is called a
composite number.
Lattice Points: The co-ordinates of the points are an integer is called lattice points.
Sum of Two Squares:
We begin with the question of representing a given integers as the sum of two
squares.
For Example
13 = 2% + 32
29 =22 4+ 52
313 = 122 + 13?2
205 =32 + 14% = 6% + 132
Result
(a® + b?)(c?> +d?*) = (ac + bd)? + (ad — bc)? = (ac — bd)? + (ad + bc)?
Theorem:
If N divides A% + 1 for some A, then N is representable as the sum of two

squares.
Proof:
A . . : n A
Let v be converted into a continued fraction and let Z— be the n* congruent to m
n
Suchthat g, < VN < @piq e vee e een oo e (1)
Then we have |£—p—" LS R LY
N An An+1 qIG An An+1
This reducesto |Aq,, — Np,| < p
n+1
N2
Hence from (1) (Aq, — Np,)? < <N

Q%+1
Also g2 <N
- qi + (Agq, — Np,)* < 2N
But, g + (Aq, — Np,)® = q;(A* +1) — 2NAp,q, + N° p;
Which is a multiple of N, since N dividesA? + 1. Thus it is proved that g2 +
(Aq, — Np,)?is a multiple of N less than 2N. This implies, g2 + (Aq, — Np,)?> = N
Hence the theorem is proved.
Result: Let N divides A% + 1 for some 4, and let P he a continued fraction convergent of

qn
A 2
ﬁsuch that ¢, < VN <qu4; ThenN = ¢ + (w/N - q%)

Theorem: (Euler Theorem)
If an integer N can be represented as the sum of two squares in two different
ways, then N is complete.
Proof:
Without loss of generality, we assume that N is an odd integer.
LetN = x> +y?2 = u? +v? .o (1)
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Obviously one of x & y and one of u & v is odd and the other even. We assume x & u are
odd and y & v are even. ... ... .. e vev ve o (2)

From (1) we obtain x? — u? = v? — y?

Hence, (x —w)(x+u) = W—=—y)W+Y) v v v v oe. (3)

Let (x —u,v —y) = d.Since x —u and v — yare both even integers it follows that
‘d’is even. ... ... e ves e . (4)

Letx —u=adandv—y=bd ........... ... ... (5)
For some integers ‘a’and b’. Then (a,b) = 1
From (3) and (5) we obtaina(x +u) = b(W+y) wo v vvvv ver o (6)
This implies b/x + uand a/v + y.
Hence x + u = bt for some integer t'... ... ... e e o (7)
Then from (6) we getv+y = at ......... .. ... (8)
It follows, since (a,b) = 1, that t’is the G.C.D of x + u and v + y which are both even
integers. - ‘t’is even... ... .. e vee . (9)
Thus finally we have 4N = 2x?+2y2+2u?+2v? = (x —w)? + (x + W?+(v —
V)2+ (v+y)2= a2d2+b62t2+b62d2+a2t2 = (a2+b62)( d2+t2)
Thus N = {(d/2)* + (t/2)*}(a* + b?)

The theorem is therefore established since ‘d’and ‘t’are even integers.
Theorem:

Every prime ‘p’ of the form 4k + 1 can be represented uniquely as the sum of two

squares.
Proof:

Sincep’is of the form 4k + 1, —1 is a quadratic residue of p’
Hence there exists an integer A such that 4> = —1 (mod p)

In other words this means ‘p’ divides A% + 1for some A. It follows by theorem (1.1) that
‘v’is representable. Now if there were two or more different representations of p’then
by theorem. - p’ would be a composite number which is absurd. Hence the
representation is unique.
Theorem:

Let N be canonically decomposed. Then N is representable if and only if every
prime of the form 4q + 3 occurring in the decomposition has an even exponent.
Proof:
Necessary Part:

Given: Every prime of the form 4q + 3 occurring in the decomposition has an

even exponent. To prove that N is representable. N = n?p;p, ... ... ... pPx Wheren’is some
integer, and pq,py, - o oo py are all distinct primes of the form 4q + 1 (or) 2. Now we
know that n?,py, Dy, v eer o prare all representable integers. Hence their product which

is N is also representable.
Sufficient Part:

Given: N is representable. To prove that: Every prime of the form 4q + 3
occurring in the decomposition has an even exponent. N = x2 + y? for some integers

x’ and v If (x,y) =d and x = xid, y=yd then
N=d?’(+9Y2) e (1)

Such that (x;,y;) = 1. Let p’ be any prime divisor of x? + y?Z. This implies x? + y? =
0 (Mmod p) .o vov vvver v e (2)

Since x; is prime to y;, p’ is relatively prime to y,; (and x; also) It follows that there
exists an integer ‘a’ satisfying the congruence

ay; =1 (modp) .o oo cvv e v . (3)
Such that (a, p) = 1. Also multiplying (2) by a? we get (ax;)? + (ay,)*> =0 (mod p).
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From (3) this reduces to (ax;)?> + 1 =0 (mod p).
Thus —1 is a quadratic residue of p’. - ‘p’is either 2 or a prime of the form 4k + 1.
So, x? + y? is the product of such primes only. But, N = d?(x? + y?
Hence every prime of the form 4q + 3 occurring in the decomposition of Nhas
an even exponent.
Theorem: (Euler Theorem)
Let ‘p’ be a prime of the form 4q + 1. Then there exist two integers x and h

such thatx? + 1= hpwhereo < x < gando < h<p.
Proof:

'p’is of the form4q + 1. Hence—1 is a quadratic residue of p’. But we know that the g,
(quadratic residues) of p‘are

12,22, (’”2;1)2 e (1)
So, —1 is congruent to one of these integers say x?2 This means x2= —1 (mod p) where
o <x <§ e e e e e e (2)
x>4+ 1 =hp ..ccooe e ... (3) forsome h. Also, hp = x2 +1< % +1<p?
HenceO< h < p .vivvivvi e (4)
(3),(2) and (4) above prove the theorem.

Theorem:

Every prime p of the form 4q + 1 is representable as the sum of two squares.
Proof:

By the well known theorem that there exists a multiple of p’ say ‘hp’ which is
representable such that o < h < p. If h =1 then there is nothing more to prove. We
therefore assume that h > 1. Fermat’s method of descent consists in proving from this
assumption that a smaller multiple of p’ than ’‘hp’ is also representable. Let
hp = x* + y?, 0 < h < p for some integers x’and y’ ... .. ... . eev e (1)

This implies x2 + y2 = 0 (mod h) ... ... cee cue e oo (2)
If 7" and s’ are the minimal residues of x” and "y’ respectively (mod h) then we have
r’+s?2=o0@modh)........(3)

h h
Such that |r| < > Is] < It should be noted here that r and s cannot both be zero at the

same time, otherwise it would imply that h/x and h/y so that hz/xz > This means

+y

that ‘A’ divides ‘p’ which is impossiblee. From (3) we have
2452 = MhA v (4)

2 2
It follows that hih < (B/, )"+ (*/, )" < h%.Henceo <hy <h ..o (5)
From (1) and (2) we obtain h;h%p = (r? + s2)(x% + y?)
=(x+sy)2+ @y —5sx)% e (6)

But,

rx = x? (mod h)

sy = y? (mod h)

ry = xy (mod h)

sx = xy (mod h)
So,7x +sy = x% +y? =0 (mod h)
Which implies rx +sy = x{h...... e e e ... (7) for some x; Similarly ry —sx =
0 (mod h) (or)ry —sx = yih ... s ce e ... (8) for some hy

Thus (6) is transformed to h;h?h = hZh? + hih? (ie) hyh = h? + h?, 0 < h; < h.
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So it is proved that a multiple of ‘A’ smaller than ‘hh’ is representable.
Applying the same process as above to h;h we get a still smaller multiple of ‘h’, say h;h,
which is representable. Obviously then if we continue the process further we shall
finally arrive at result that ‘h’is representable.
Theorem:
Let ‘h’ be an odd prime, and let (h, h) = 1. Then there exist at least one pair of
non zero integers ‘h’and ‘h’ each numerically less than\/E such that ua = v (mod p)
Proof:
Let [\/5 ] =hsothath < \/E < h + 1. Consider the integers of the set ‘s’ defined by
s={sa+t, s=1,2,.... h+1;, t=1,2,.... h+ 1}
The number of integers in ‘s’ is (h + 1)? which is greater than ‘p’ there are at least two
integers in ‘s’ which are congruent (mod p). Let these be s;a + t; and s,a + t, where
either s; is different from s, (or) t; is different from t,.
So,we have sja + t; = s,a+t, (mod p) .. ev v vev v oo (1)
Letus puts, —s; =uandt; —t, = v. Then ua = v (modp) ...(2)
Now if s; # s, then t; # t, from (1) above
Converse Part:
If t; # t, then s; # 5,50 in either case ‘u’ and ‘v’ are non zero integers. Moreover
S1, 52, t1, t are all positive integers which do not exceed h + 1.
Hence, [u| <h < \/5 R )

V] Sh < P i (4)
(2),(3) and (4) above establish the theorem.
Theorem:

Every prime of the form 4q + 1 is representable as the sum of two squares.
Proof:

Since ‘p’ is of the form 4q + 1, —1 is a quadratic residue of ‘p’. Hence there exist is
an integer ‘a’ which satisfies the congruence. a?+ 1 =0 (modp)..(1) Where
(a,p) = 1. By the theorem there exist two integers ‘v’ and ‘v’ each numerically less
than ,/p suchthatua = v (mod p) (or) u?a? = v? (mod p)

But from (1) we have u?a? + u? = 0 (mod p)
u? +v% = 0 (mod p)
This implies u? + v? = kp for some positive integer ‘k’. We know however, that
u? + v? < 2p because |u| < \/p and |v| < /p
It follows that u? + v? = p.
Theorem:

Let the canonical decomposition of Nbe N = 2" pi't pJ? .. ... p,* Then N is
representable as the sum of two relatively prime squares if and only if A = 0 (or) 1 and
are primes of the form 4q + 1.

Proof:
Necessary Part:

Given: h =0 (or) 1 and pq,py, .- - py are primes of the form 4q + 1. To prove
that: N is representable as the sum of two relatively prime squares. We know that, —1 is
a quadratic residue of 2,pq,py, .. .. pr By the well known theorem, “Let m =
2" pit py? p,*. Then ‘@’ is a quadratic residue of ‘m’ if and only if it is a quadratic
residue of 2", py, py, ... ... pr” That —1 is a quadratic residue of N. Therefore there exists
an integer ‘b’, such that b? + 1 is divisible by N. This implies that N is representable as
the sum of two relatively prime squares.
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Sufficient Part:
Given: N is representable as the sum of two relatively prime squares. To prove
that: h = 0 (or) 1 and py, Py, ... ... p; are primes of the form 4q + 1. Let N = x? + y?,
(x,y) = 1. Then there exists an integer ‘b’ such that N divides b? + 1. So —1 is a
quadratic residue of N. By the well known theorem, “Let m = 2" p't pJ2 ... .. p.*. Then
‘a’ is a quadratic residue of ‘m’ if and only if it is a quadratic residue of 2", py, p,, ... ... P’
That —1 is a quadratic residue of 2", p;,py, ... ... pr This implies h =0 (or) 1 and
D1, D2y wer e pr are primes of the form 4q + 1. Hence the proof.
Gauss Theorem and Sum of Three Squares:
Theorem:
R(n) = number of lattice points in the interior and on the boundary of the circle
x? + y? = n [excluding the lattice points (0,0)]
Proof
Rn)=r()+r2)+--+rn)
Which is equal to the number of lattice points on the boundaries of the circles
x> +y2=1,x2+y2=2,...... ,x? + y? = n. Hence the proof.
Theorem: (Gauss Theorem)
R(n) = lIn + o(Vn)
Proof:
In the figure, ‘A’ is the circle x? + y? = n of radius V/n.

e ——
— ey

.
-
-~ \\

N
NS

SN

\ //‘4 / ///

e — —

R(n) + 1 is equal to the number of lattice points on and within the circle ‘A’ including
the origin. We attach to each of these R(n) + 1 lattice points a lattice square so that
lattice points lies at the left hand bottom corner of the square. Then obviously the area
of all these squares (shown shaded in the figure) is numerically equal to R(n) + 1. Also

this area is less than area of the circle ‘B’ of radius v/n + V2 and greater than the area of
the circle ‘C’ of radius vVn — /2.

Hence I(v/n — \/f)z <RM)+1<0(n+ \/E)Z
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(or) T(Va—v2)'—1<Rm) <n(n+v2)’ -1
But, T(va+vZ) —1=n+ (2VZIIVn + 211 = 1) = In + o(vn)

Similarly, 1(vfi = v2)" = 1 = ITn — (2v2Ivn — 211 + 1) = lIn + o(vn)
It follows that R(n) = ITn + o(v/n)
Sum of Three Squares:

We shall first consider the representation of an integer as the sum of three
squares. We have seen in the last chapter that not all integers can be represented as the
sum of two squares. It is therefore natural to inquire whether all integers are
representable as the sum of three squares.

For example,

4= 2240%40°

5=22+1%2+07

6=2%+1%+12
But the integer 7 cannot be so represented. It can only be written as the sum of four
squares.

7=2%41>+12+ 12

We shall now prove that there are infinitely many integers for which the representation
as the sum of three squares is not possible.
Theorem:

If N is of the form 8q + 7 then N is not representable as the sum of three squares.
Proof:

Let us assume that N is the sum of three squares. N = x? + y? + z? for some
integers x, y, z. Then it follows that

x2+y2+22 =7(mod 8) e evev v e (1)
Now x? = 1 (mod 8) if ‘x’ odd. x> = 0 (or) 4 (mod 8) if ‘x’ even. y? and z? also be have
similarly. Hence x? + y? +z? can be congruent (mod 8) to one of the integers
0,1,2,3,4,5,6,and not to 7. Since this contradicts (1) above N cannot br represented as
the sum of three squares.
Theorem:

Let N = 4"(8q + 7) for some ‘h’ and 'q’. Then N cannot be represented as the

sum of three squares.

Proof:

Case (i) Leth=0

Then N = 8q + 7 an “By the theorem (2.3)” N is not the sum of three squares.

Case (ii) Leth>1

Then if possible let N = x% + y? + z% ... ... ... ... ... ... (1) for some integers x, y, z.
Hence,x? + y2 +2z2 =0 (mod 4) ... .o e evveev . (2)

Now, x2 = 1 (mod 4) if ‘¥’ odd. x? = 0 (mod 4) if ‘x’ even. It follows that from (2) that

x, v,z are all even integers.

~ From (1) we have (x/z)z + (y/z)z + (2/2)2 = (N/4) =4""1(8q + 7)
It is thus proved that if 4" (8q + 7) is the sum of three squares then 4"~1(8q + 7) is also
so representable. Repeating the argument in succession we see that, 4"72(8q +
7, 4h—38g+7, ......... ,408g+7 are also representable. But we know by that 408g+7 is
not representable as the sum of three squares. Thus there is contradiction. It follows
that N is not the sum of three squares. Conversely, It is possible to prove that if a
number N cannot be represented as the sum of three squares then N is of the form

4h(8q + 7).
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Sum of Four Squares:

We proved in the previous chapter that it is not possible to represent all
numbers as the sum of two squares. The following algebraic identity was first
discovered by Euler and it is an essential step towards the solution of the problem.
Result:

Cef + x5 + x5 +x)OF +y7 +y5 +y8) =uf +uj +uf +ud
Where wuy = x1y1 + X2V, + X3Y3 + X4Y4
Uy = X1Y2 — X2Y1 + X3Y4 — X4Y3
U3z = X1Y3 — X3Y1 T X4Y2 — X2Ys
Uy = X1Ys — X4Y1 T X2Y3 + X3)2
Theorem: (Euler Theorem)

Let ‘p’ be an odd prime. Then there exist integers x,y, h such that x> + y? + 1 =

hp, whereOSx<§, OSy<%andO<h<p.

Proof:
_1\2
Consider the following two sets of integers S; = {O, 12,22, .. ..., (pz—l) }
_1\2
S, = {—1,—1 —1%,-1-2% ..., -1 (&) }
172
We know that, the integers 12,22, ... ... , (pz—l) are all incongruent (mod p). It follows

that the integers of S;and the integers of S, also are incongruent (mod p).
Now, the total number of integers in §; U S; is p + 1. Therefore there must be at least
two integers in these p + 1 numbers which are congruent to each other (mod p).
It then follows that at least one number of S;, say x2, is congruent (mod p) to some

number say —1—7y? of S, such that 0Sx<§ and 03y<§ Thus we have

x> =-1—vy?(modp)(or) x*+y?’+1=hp for some positive integer ‘R’
2 2

Further, h = Ill)(x2 +y2+1)< %(p? + p: + 1) < p. The theorem is therefore completely

proved.

Corollary:

Let ‘v’ be an odd prime. Then there exists a multiple of v’ say ph,0 < h <
p which is representable as the sum of four squares.
Proof:

This is easy since by last theorem there exist integers x,y and h. Such that,
x> +y?2+12+ 0> =hpwhere0 < h<p
Theorem:

Let 'p’ be any prime. If hp is representable as the sum of four squares for some

even integer 'h’, then 1/2 hp is also representable.

Proof:

Lethp = x? + x5 + x5 + X2 oo o vev e e (1)
Then there are five cases with regard to xq,x,,x3 and x, which we have to
consider (i) They are all even. (ii) One is odd, and the other three even. In this case
(hp = x? + x2 + x3 + x2) would be an odd integer contradicting the given condition.
Therefore this case is not possible. (iii) Two of them say x; and x; are odd and the other
two even. (iv) Three are odd and one even. This case is also not possible for the same

reasons as in (ii) above. (v) All are odd. Thus cases (i) (iii) and (v) are the only

x1txp and x31tx4

possible ones. In all these three cases it is easily seen that are

integers. The theorem then follows immediately since (1) can be written
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1/2 hp = (222)" p (zizm)’ o () (ram)’
Theorem: p= () () o () ()

Let ‘p’ be an odd prime. If hp is representable as the sum of four squares for
some odd integer h > 1 then there exists a smaller multiple of p’ than hp which is also

representable.
Proof:

Lethp = x} + x5 + x2 + x4 ... .. e eev oo (1) for some integers x4, x5, x3 and x4
Then obviously x? + x5 + x2 + x5 = 0 (mod h) ... ... .. eev eer oo (2)

Let the minimal residues of xq, x;, x3, x4 (mod h) be r{, r,, 13,14, respectively. This implies
Il <2 Il <3, 1rsl <3, Il <3

Since ‘I’ isodd, and 1 + 1 + ¥ + 2 = 0 (mod h) ... ... ... (3)

It should be observed here that 1y, r;, 13, 13 cannot all be simultaneously zero, otherwise
it follows that ‘h’ divides x;, x5, x5, x, so that h? divides x? + x5 + x2 + x# (or) that h?
divides hp which is impossible. From (3)we then have 7% +71rf +71rf+1f=
hih ............ ... ... (4) for some integer h;

It follows that hyh < (h/z)2 + (h/z)2 + (h/z)2 + (h/z)2 = h?

S0, hy < B e e (5)
Moreover we obtain from (1) and (4) h h?p = (rf +rf + 12 +r2)(x? + x5 + x% + x2)
=w+ui+ui+uf i (6)

Where by the "Euler Result”

Uy = X117 + X1y + X313 + X417y =12+ 18 + 12 + 12 (mod h) = 0 (mod h)

Uy = X 1y — XoT + X3ly — X413 = 11y — 11y + 1313 — 113 (mod h) = 0 (mod h)

It can be proved in a similar manner that u; = 0 (mod h) & uy = 0 (mod h)

So, we have u; = s;h,u;, = s,h,u3 = s3h and uy = s,h for some integers sy, s, S3 and s,

It follows from (6) that hyh?p = sfh? + s5h? + s2h? + s2h? = h%(s? + s + s% + s2)

Hence hyp = s? + 82 + 53 + 82 v vvevee v ven e (7)
(7) and (5) prove the theorem.
Theorem:
Every prime ‘p’ is representable as the sum of four squares.
Proof:

(i) Letp = 2 Then 2 = 1% + 12 4+ 0% + 02 So, 2 is representable.
(ii) Let p = 3 Then by the corollary. We know that there exists a multiple of ‘p” which is
the sum of four squares. It follows that there is a least such multiple. Let this be hp. If ‘A’

. 1, . : : .
is even then by the theorem (3.2) 2 hp is representable. This contradicts our assumption

that hp is the least multiple of ‘p’ which is representable. Therefore ‘A’ is odd.
If, now ‘R’ is an odd integer > 1, then by the well known theorem, there exists a smaller
multiple of p’ then hp which is representable. This also contradicts our assumption.
Hence h = 1 and ‘p’ is representable.

Conclusion:

In this dissertation, we discussed about how an integer can be (or) cannot be
represented as a sums of squares. Also, an introduction to number theory and some
definitions are discussed. Basic concepts which are used in our dissertation are also
discussed. Also, how a number can be (or) cannot be represented as a sum of two
squares, sum of three squares and sum of four squares are discussed. These are all the
field of current research in Number Theory. So this can be considered as a first step
towards my research.
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