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Abstract:

In this Paper, we discuss the definitions of union of Fuzzy subsets, Fuzzy subgroup, properties, union of Fuzzy subgroups
and related theorems and proofs.
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1. Introduction:
Fuzzy Subgroups:

Rosenfield introduced the notion of fuzzy group and showed that many group theory results can be extended in an
elementary manner to develop the theory of fuzzy group .The underlying logic of the theory of fuzzy group is to provide a strict
fuzzy algebraic structure where level subset of a fuzzy group of a group G is a subgroup of the group.

Fuzzy Sub-Bigroups:

In this section we define Fuzzy sub-bigroup of a bigroup. To define the notion of fuzzy sub-bigroup of a bigroup. We
define a new notion called the fuzzy union of any two fuzzy subsets of two distinct sets.
Concept of a Fuzzy Set:

The concept of a fuzzy set is an extension of the concept of a crisp set. Just as a crisp set on a universal set U is defined
by its characteristic function from U to {0,1}, a fuzzy set on a domain U is defined by its membership function from U to [0,1] .

Let U be a non-empty set, to be called the Universal set (or) Universe of discourse or simply a domain. Then, by a fuzzy
set on U is meant a function A: U—[0,1]. A is called the membership function; A(x) is called the membership grade of x in A. We
also write A={(x,A(x)): xeU}.

Examples:

Consider U={a,b,c,d} and A:U—1 defined by A(a) = 0,A(b) = 0.7,A(c) = 0.4, and A(d )= 1. Then A is a fuzzy set can

also be written as follows:
A={(a,0),(0,0.7),(c,0.4),(d,1)}.
Relation Between Fuzzy Sets:

Let U be a domain and A, B be fuzzy sets on U. Inclusion (or) Containment: A is said to be included (or) contained in B
if and only if A(X)<B(x) for all x in U. In symbols, we write, A € B. We also say that A is a subset of B.

Definition of Union of Fuzzysets: 1
The union of two fuzzy subsets p, p, is defined by (u, U p,) (X) = max{p, (X),u,(x)} for every x in U.
Definition of Fuzzy Subgroup: 2
Let G be a group. A fuzzy subset p of a group G is called a fuzzy subgroup of the group G if
i) u(xy) = min{u(x),u(y)}or every x,yeG and
i) p(x™') =u(x) for every xeG.
Definition of Improper Fuzzy Subgroup: 3
A fuzzy subgroup p of a group G is called improper Fuzzy Subgroup if p is a Constant on the group G, otherwise p is termed as
proper .
2. Fuzzy Sub-Bigroup of a Group:
Definition of Fuzzy Union of the fuzzy sets p;andp,: 4

Let u, be a fuzzy subset of a set x;and p, be a fuzzy subset of a set x; , then the fuzzy union of the fuzzy sets p,and p, is

defined as a function.

u, Up, txq Ux, - [0,1] given by

(l’ll u l’lz ) (X) =] max (“1()()1“2()()) if xe X1 n X2.
(%) if XEx; & X€& X,
1, (X) if XE x,&X¢E X;.

We illustrate this definition by the following example:
Example:

Let X; ={1,2,34,5}and X, ={2,4,6,8,10 } be two sets.
Define p, : X; - [0, 1] by

B (x) = 1 ifx=1,2.
0.6 if x=3.
0.2 ifx=45.
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and define p, X, — [0,1] by
H,(X) = 1 ifx=2,4.
0.6 ifx=6.
0.2 ifx=8,10.
Itis easy to calculate p, U p, and it is given as follows:

(1, U, )(X)= 1 if x=12, 4.
0.6 if x=386.
0.2 if x=5,8,10.

Definition of Fuzzy sub- bigroup: 5
Let G= (G, VU G, , +, *) be a bigroup. Then u: G-[0, 1] is said to be a Fuzzy sub- bigroup of the bigroup G if there exists two
fuzzy subsets p, (of G;) and p, (of G, ) such that
i) (ny,+) isa fuzzy subgroup of (G ,+)
ii) (1, , *) isa fuzzy subgroup of (G, , -) and
iii) B=pup, .
We illustrate this by the example:
Example:
Consider the bigroup G ={+i,+0,+ 1,42, + 3,.....} under the binary operation ‘+’ and ‘-> where G; ={0,+ 1, +2

,+3,...0and G, = { +i ,+ 1} . Define p: G- [0, 1] by
1

- ifx=i-i
1 if xe{0,42,+4,..}
nx) = | ifxe{l, £33}

It is easyto verify that p is a fuzzysub- bigroup of the bigroup G, for we can find p : G; —[0, 1] by
1 if x€{0,+2,+4,..}

m)= ) S ifxe{+1,+3....]
and p, : G, —[0, 1] is given by
w, (x) = ~ifx=1-1

1 . . .

S if x=1,-1i
i.e., there existstwo fuzzy subgroup p, of Gyand p, of G, suchthat p=p Uy, .
3. Theorems:
Theorem 1:

u is a fuzzy subgroup of agroup S if and only if p(xy~!) = min{u(x), u(y)} forall x, y in S.
Proof:
Necessary part:
Let p is a fuzzy subgroup,
To prove: p(xy™!) 2 min{u(x), p(y)}

u(xy™) = min{p(x), uy =}

u(xy ™) = min{u(x), n()}-
Sufficient part:
u(xy™) = min{u(x), p(y)}.
To prove: p is a fuzzy subgroup,
u(y™ = n(ey™) = minfu(e), n(»}= n).
p(xy) = px@~")="= minfux), n(yH}.
n(xy)) = minf{p(x), p(y)}-
Therefore p is a fuzzy subgroup,
Hence proved.
Theorem 2:

G, ={x€ G/ p(x) = p(e) } is asubgroup .

Proof:
H= G, and x,y € H.

Then

H(x) =p(e) and u(y) = p(e).

p(xy) = min{p(x), p(y)} = n(e) .

pxy) = ple) coveeeiennnnnn. D

But p(e) = p(xy) . oovvenennnnnn. 2)
From (1) and (2),
H(xy) = p(e).
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and x y € H.Also , since
px~1 = p(x) =u(e) impliesx=! € H.
So, H is a subgroup.
Theorem 3:
u(xy 1) = pu(e) implies u(x)= u(y) , Where p is a subgroup .
Proof:
#(x) = pxy~'y)= min(u(xy ), p(y))-
2min (u(e) , u(y)) = ().
nE) = 1w(y)eeeeenennnen 3)
w(y) = wyx'x) = min (u(yx ™), p(x))
=min (uxy ™)L (X))
Since p is a subgroup.
Gy =pxy ™,
s0, u(y) =min (u(xy ™), u(x)).
=min (u(e) ,u(x)).
@) = wx)eoennn.. 4)
From (3) and (4),
u(x) = u(y). Hence proved
Theorem 4:
The intersection of any collection of fuzzy subgroups is a fuzzy subgroup.
Proof:
If {u} is aset of fuzzy subgroups . then,
N, (y)Zmin (0 1,09, 0w, ().
i i i
(N ) X7 =inf (Y Z inf (0= (0 ) (9.
i i i i
Theorem 5:
Let pu be a fuzzy subgroup of G. Then p(x~1) =p(x) and pu(x) = u(e) forall x € G where e is the identity element of
G.
Proof:
The first part follows from

n(x) = [u (x)™ [2 ]N(X_I)Z ()

Hence, forx e G .
u(e) =nxx)
2min (u(x) , p(x™") ) = p(x) -
Hence proved.

Theorem 6:
The Characteristic function 1 is a fuzzy subgroup if and only if T is a subgroup of G.
Proof:
If 1;is fuzzy subgroup ,
Ir (Xy) 2 min (11 (X),1r(Y))-eeeveneeninaeenen. (5)
and 1r(x 1= 14(x).
So,for x,y€T , 1 (xy)=land 1p(x 1) =1............... (6)

Hence,xye Tand x e T.
This proves that T is a subgroup of G.
Conversely,
if for x,y € G, Conditions (1) and (2) holds ifx ¢ Tory ¢ T.
Inthe case x € T ,y € T for the subgroup T, We have x 'e Tandxy € T.
So,(5), and (6) are equalities in the case.
Corollary:
The fuzzy subgroup generated by Characteristic function of a set is just the Characteristic function of the subgroup
generated by the set , that is (1,) =1,
Theorem 7:
A group cannot be the union of two proper fuzzy subgroup
Proof:
Let S=p, Up, and p and p, be two proper fuzzy subgroups of S.
From 1= 5(x) = p, (x) V u, (X) either p, (x) =1 or p, (x) =1.
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Letu,vbeinSsuchthat p (u)=1,p, (V)<1, g, (v)=1 and p, (v) =1 and
Consideru v, If p (uv) =1, thensince ul(u_l) =1.We have
(V) = p et uv) 2min( (), g uv) =1
Hence , p (v) =1 , a contradiction.
A Similar contradiction is obtained if p, (uv)=1.

Theorem 8:
Every fuzzy sub —bigroup of agroup G is afuzzy subgroup of the group G but not conversely

Proof:

It follows from the definition of the fuzzy sub —bigroup of a group G that every sub —bigroup of a group G isa
fuzzy subgroup of the group G.
Main Theorem 1:

The union of two fuzzy subgroups of a group G is a fuzzy subgroup If and only if one is contained in the other.
Proof:
Necessary part:

Let w,and ., be two fuzzy subgroups of G such that one is contained in the other.
Hence either p, < p, (0r) p, S, .
To prove: w, U p, is a fuzzy subgroup of G.
Let the union of two fuzzy subsets p , p, is defined by
By U, (x) = max{p, (x), p, (X)}
So py U, (xy) = max{p, (Xy), py (XY)}eeevnnnnnn (M)
Since p, and p, are the two fuzzy subgroup of G.
Ky U, (Xy) =y (xy) (or)
U B (xy) = )XY (8)
Since p, (xy) and p,(xy) are fuzzy subgroup of G.
From (7) and (8),u, U p,(xy) is also a fuzzysubgroup of G.
Hence p, U y, is a fuzzysubgroup of G.
Sufficient part:
Suppose , U p, is a fuzzy subgroup of G.
To Claim:p, € p, (0r) p, S p,.
Since p,, andp, are fuzzy subgroup of G.
py (xy)=min{p, (X), (0} eeeennn 9)

(by condition (i) of definition of fuzzy subgroup of G).
There are two cases,
D, (xy) = p, (%),
i) py (xy) = py (y)-

Case: (i)

r (xy)= (%) oo o (10)

By fuzzy union of fuzzy sets p, and ., ,we have
1y U, ()=, (%) v e (11),

Sub (11) in (10), we get
Hy (XY) =y U, (X)=p, (X).
B (Xy) = py(X) e (12)

From (10) and (12), we get

H () < py(x) .

U L (13)

Similarly case (ii):

B (Xy) = p () (14)

By definition of fuzzy union of fuzzy sets of G, we have

By U, ()= (y)- - (15)

Sub 9in 8we get,
H (XY)= 1y U, (V)= 1y (Y).
B (XY)Z (Y (16)

From (14)and (16) we have,

Hy (Y) <y (y).
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From (13) and (17),
iep, Spyand p, Spy.
Hence p, is contained in p,and p, is contained in p, .
Therefore The Union of two fuzzy subgroups of a group G is a fuzzy subgroup.if and only if one contained in other.

Main Theorem 2:
The union of two fuzzy sub-bigroups of a bigroup G is a fuzzy sub-bigroup if and only if one is contained in the other.

Proof:

Let p, and p, arethe fuzzy sub-bigroupsand p, < p,and p, Sy, .
Toprove:p Up, is a fuzzy sub-bigroup .
By definition of Fuzzy Union of the fuzzy sets p, andp,, (Definition: 4 )

Ky U, (xy) = py(xy) (or)
iy Uy (xy) = o (xy).
Since p, (xy) and p,(xy) are fuzzy sub - bigroups of G.
hence , u, U p,is a fuzzy sub-bigroup .
Conversely,
Let u, U p,is a fuzzy sub-bigroup .

Toprove: p, Sp,andp, S, .
Since u, U, is a fuzzy sub-bigroup .

By Theorem: 8, every fuzzy sub —bigroup of agroup G is afuzzy subgroup of the group G but not conversely .

Hence p, U p,is a fuzzy subgroup .
and By Main Theorem: 1
The union of two fuzzy subgroups of a group G is a fuzzy subgroup if and only if
one is contained in the other.
Hence p, S p,and p, S, .

Therefore, The union of two fuzzy sub-bigroups of a bigroup G is a fuzzy sub-bigroup if and only if One is contained in the other.
4. Conclusion:

In this paper, we have discussed the union of Fuzzy subgroups, properties, union of Fuzzy subgroup and proved the two
Main Theorems.
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